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where <?' represents the coordinates ^,0,^ and where the stan-
dard summation convention applies. The expression on the
left-side of the equal sign in Eq. (19) gives the contravariant
components of the generalized acceleration.

In the case of the rigid-body motion expressed in Euler
angles, five of the 27 Tfj symbols are identically zero, and the
22 others are given in Appendix B. Similar results were given
in the simplified case A =B by Lure,5

The different formulas and tensor components that have
been given here were derived by hand as well as by our Poisson
series manipulation system on the CDC-6600 computer/ To
verify the algebra, the hand results were entered in the com-
puter and subtracted symbolically from the computer results.
These operations require the availability of three polynomial
variables (A.,B3C) and three harmonic variables (<p,6,\l/). It is
also necessary that the system be able to handle the negative
exponents of the polynomial variables A,B9C, which occur
frequently in the present application.

Appendix A: First-Kind Christoff el Symbols
for the Rotating Rigid-Body Motion

T123 =

22J

= [A sin2\l/ + B cos^-C] sln0cos0

= - Vi[(A -B)(cos2t- sin2iW + C] sin0

= r311 = (A -B) sin20 sini/' cos^

= r3i2 = l/2[(A -B)(cos2t- sin^ + C] sin0

= T321 = Vi[(A -B)(cos2t- sin2^)-C] sin0

= F322 = —(A — B) sim/' cos;/'

= -[A shvty + B cosV-C] sin0cos0

= — (A—B) sin20 sim/' COST/'

= (A — B) cos0 sim/' cos\l/

= (A-B) si

Appendix B: Second-Kind Christoff el Symbols
for the Rotating Rigid-Body Motion

(A-B)(A+B-C)

_ i-r21-

cos(9 smi/' cost//
\LJ

+B-C)eosO [sinV cos2^

~(A-B)(A+B-C)sm2j\

[B(B -

(B-A)(A+B-C)
2AB

-B)(A + B - C) si

[B(A-B + C)-(A-

32 = 23

sin0
2AB

(B-.A)(A+B-C) _.
2AB

-C)(C-B)cos20 + AB]

A(A-B-C)]
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Introduction

F OR autonomous aircraft and intelligent pilot aids,
navigation path planning may be performed by computer

rather than by humans. In this Note, we consider the task
of planning a path from some start location to some finish lo-
cation in mountainous terrain. The technique investigated
employs searching for the best paths among topologically uni-
que paths. Candidate paths are depicted by a search graph
generated using a computerized geometric construct.

In reviewing approaches to navigation path planning, one
must consider path-planning research involving robot manipu-
lator arms, mobile robot and autonomous land vehicle path
planning, and existing planning algorithms for pilot aid and
autonomous aircraft.1"6 For instance, the Dynapath algo-
rithm3 and Beaton et al.4 generate path plans in fine detail us-
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ing tree branching and grid-based approaches, respectively.
We do not use a grid approach. However, a search graph is
constructed using a Voronoi diagram so that only one path be-
tween each neighboring mountain is represented; This repre-
sents a higher level of abstraction for the path-planning prob-
lem in our work compared to Refs. 3 and 4. A second-stage
path refinement is suggested for the paths generated with our
technique.

Voronoi diagrams have also been used in path-planning
problems in robotics.5 In Voronoi-based methods, the
Voronoi diagram of obstacle polygon line segments is used to
create a diagram of straight and parabolic ares connected to
form a search graph. Meng6 uses such a technique for autono-
mous aircraft path planning. We use the Voronoi diagram of a
set of points, rather than a set of line segments, to generate a
search graph for path planning.

Problem Statement
The simplified navigation path-planning problem addressed

here is to find a path from a start location S to a finish loca-
tion F on a mountainous terrain map while minimizing the
path length and the exposure to threats. The problem con-
sidered here is constrained to a constant altitude. Mountains
are described by a terrain contour map and threats are
described by danger regions on the contour map. For any seg-
ment of a trajectory that crosses a threat area, it is assumed
that a cost associated with danger can be assigned to that seg-
ment.

Constructing a Voronoi Diagram Search Graph
A path-planning search graph depicts possible paths

through the terrain/threat search space. A good search graph
includes at least one path between all neighboring mountain
obstacles. Paths are represented within a graph of nodes con-
nected by arcs, where the arcs represent possible paths to be
flown. The search environment can be separated into two
spaces: free space and obstacle space. Free space, through
which the vehicle is free to move, is unoccupied by obstacles,
and obstacle space is occupied by obstacles. We will proceed
to model free space with a feasible search graph, a graph in-
cluding only nodes and arcs that are in free space.

Frequently, the planning objective is to minimize the path
length and threat exposure. For this purpose, path length and
threat cost are weighted and summed according to their rela-
tive importance; a final cost is assigned to each graph arc. This
requires that the threat cost can be expressed in terms of the
cost of path length.

The Voronoi diagram of a set of points is used for the pur-
pose of creating a search graph for path planning. First, the
definition of a Voronoi diagram is given to introduce this geo-
metric construct. Then, with a simple example, the use of
Voronoi diagrams for constructing terrain search graphs is
presented.

A Voronoi diagram for a set of TV points/?,, 1 </<AT, in the
Euclidean plane is a partitioning of the plane into TV polygonal
regions, one region associated with each point /?/. Figure 1
shows the Voronoi diagram for a set of points. A point p; is
referred to as a Delaunay point. The Voronoi region V(pt) as-
sociated with point /?/ is the locus of points closer to pi than to
any of the other N- 1 points. The Voronoi edge separating
V(pi) from V(pj) is composed of the points equidistant from
Pi andpj. Not all Vprdnoi edges are bounded; some extend to
infinity. The intersection of Voronoi edges occurs at vertices
called Voronoi points. The construction of Voronoi diagrams
is reviewed in Refs. 1 and 7.

A procedure is now presented for creating a search from a
Voronoi diagram. Given a terrain contour map, we first poly-
gonize the contour data * as shown in bold lines in Fig. 2. Ver-
tices from mountain polygon obstacles are used as Delaunay
point locations to model obstacles/The vertices of obstacles
are points that should be avoided when traversing around pol-
ygon obstacles. Voronoi edges, by definition, maximally avoid
these points. A Voronoi diagram is constructed for the set of
Delaunay points describing obstacle vertices. The Voronoi
edges that extend infinitely are bounded by a region that en-
closes the entire terrain map,,creating path search arcs around
the boundry of the terrain map; Figure 2 illustrates such a
Voronoi diagram. The complete Voronoi diagram is shown in
dashed and solid edges. Next, Voronoi edges defined by two
neighboring Delaunay points of the same obstacle are
removed. These edges are shown in dashed lines. Start and
finish search nodes can be added to the search graph by con-
necting these point locations to the closest Voronoi edge. The
resulting search graph is described by the remaining solid
edges.

This method gives a good representation for free space us-
ing a fairly small amount of nodes. Note that only one path
results between neighboring obstacles. Thus, all paths de-
picted by the search graph are topologically different. Another
salient feature of this method is that it guarantees that the re-
sultant search graph will depict only feasible paths, which are
completely ifi the free space. Feasible paths are guaranteed
based on parameter of the polygonization: Let the closest dis-
tance from any vertex of an obstacle to a neighboring obstacle
be defined as d. If obstacle polygonization is performed using
polygon sides no greater in length than 8, then the resultant
Voronoi search graph will depict only feasible paths. A proof
of the feasibility of search graphs generated with this method
is given in Ref. 1.

DELAUN AY POINT VORONOI POINT

\ ,

VORONOI EDGE

Fig. 1 Voronoi diagram for a set of 20 points.
Fig. 2 Voronoi diagram graph for polygon obstacles modeled with
Delaunay points at the vertices of the obstacles.
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(lOOx)

(lOOx)

Fig. 3 Voronoi search graph for a mountainous terrain environment
with threats.

Navigation Path-Planning Example
Consider a set of polygons that represent mountains at a

constant altitude. Figure 3 shows a set of mountain polygon
obstacles as solid black regions. The vertices of polygon
mountain boundaries are used to generate the search graph
illustrated. Graph arcs from map boundaries eliminate any
arcs from infinite Voronoi edges, and start and finish nodes
are added to the graph by connecting them to the closest
Voronoi point nodes. The threat environment consists of a
barrier of threats so that no path free of threat exists between
the start and finish nodes. Dashed circular regions indicate
threat regions.

A solution path should have minimal exposure to threats. To
account for this, arcs of the search graph are assigned a threat
cost in addition to a length cost. For this example, the cost
assigned to each arc in the search graph is the Euclidean dis-
tance between the nodes forming the arc. Within threat regions
arcs are assigned a threat cost in addition to the length cost. The
threat cost is either 3 or 10 times the cost for traversing an arc of
the same length in a nonthreat region. These levels of danger are
indicated in parentheses as (3x) and (10 x) in Fig. 3. In addi-
tion to these threat regions, a constraint is added so that the
solution path does not use the boundary arcs to pass around the
barrier of threats. This is established by assigning a cost of 100
times the length cost for using an arc on the boundary. This is
labeled as ( lOOx) in Fig. 3.

The Voronoi diagram search graph of Fig. 3 is searched to
find the minimum cost path from the start node S to finish
node F. The A* algorithm8 is used for this purpose. The /4*
search technique uses problem-dependent information to
reduce the number of nodes investigated. The heuristic func-
tion8 is the Euclidean distance to the finish node F. This is an
admissible heuristic,8 and thus, the results of the /4* algorithm
are optimal. The optimal path plan is shown with bold edges
in Fig. 3. Since no path free of threats exists, the solution path
penetrates the barrier of threats in the least dangerous region.
Notice that the optimal path penetrates two (3 x) threat re-
gions. The first region is the least costly location to penetrate
the initial barrier of threats. The second region is penetrated
because the alternative path around this region contains a
boundary arc in the search graph. Boundary arcs are heavily
weighted, and thus the path through the (3 x ) region results.

Path Refinement
The method described provides a solution path from the

start point to the finish point. While this path is guaranteed to
avoid mountains, it may not represent the best path when
compared to other topologically similar paths. For example,
the resultant path may not penetrate individual threats at their
weakest points. The next step in path planning may be to con-
sider solutions near the Voronoi diagram path. One possible
procedure for searching for path plans near the Voronoi dia-
gram path is to search a fine grid in the region around this
path. Another possible procedure is to use an iterative im-
provement procedure such as the path relaxation method of
Thorpe.9 Finally, when refinement is performed further infor-
mation may be included in the cost function. For example, the
cost function may account for the aircraft's performance
capabilities or limitations. Large changes in heading angle
may be punished, as well as paths that come too close to
mountain boundaries.

Conclusions
A technique for generating a search graph depicting topolo-

gically unique paths around mountain boundaries at a con-
stant altitude is presented. Our technique requires a descrip-
tion of mountain boundaries as polygons and generates the
search graph using a geometric construct. All nodes and arcs
of the search graph are guaranteed to lie in free space, thus
avoiding mountain obstacles. A solution path plan is gener-
ated by searching the graph for the optimal path from a start
location to a finish location.
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